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1 Cost Estimation based on Shortest Paths 


Problem: Given a road graph and its shortest paths, we want to determine the costs on 
the edges that correspond to these shortest paths. 

Literature: Burton and Toint - 1992 - On an instance of the inverse shortest paths 
problem.’ 

In the above paper, the following problem is solved: Given pre-determined edge costs 
and known shortest paths, we want to find additional edge costs that explain these 
shortest paths and, additionally, minimize the /2-norm to the given costs. The problem is 
formulated as a quadratic optimization problem and is solved using a method that takes 
n? time, where n is the number of nodes. This method could be relevant for railways, 
where the spatial distance between two nodes could be used as the ’pre-determined cost’. 

Another approach: 

A directed, connected, and edge-weighted graph G = (V, E,c) is called k.w.-Graph 
(shortest paths are most probable paths) if there exists a stochastic matrix P such that 
G and P form a Markov chain, and additionally: 


—log(P(i, j)) = c(i, j) 


2 Rail Networks with Timetables 


2 Rail Networks with Timetables 


A rail network N is a tuple N := (Z,S,B) with a finite set Z of trains and a track space 
S (whose elements are called track points), which is initially a topological space and has 
a finite cover of closed sets B = (B1, --- , By): 

Ui<i<b B,=S (1) 


The finite sets B; are called block sections. A timetable F is a tuple (N, 8, T) where 
N is a rail network, T = [ts, tg] is the closed time interval of the timetable, and £ is a 
function called location curve, such that: 


B:ZxToS (2) 


B is continuous in the second argument, i.e., it is a path. 


Yz € Z is t> f(z,t) a continuous function of topological spaces (3) 


B is injective in the first argument: (No two trains can be at the same track point at 
the same time.) 


Ver Æ 22, 21, 22 € ZNt € T is ß(zı,t) Z B(zo,t) (4) 


However, even more is required: No two trains can be at the same block section 
simultaneously: Let: 


Vz € Z let B; : T — S,z e ß(z,t) (5) 
Then it should hold: 
VB € BVa # 22,21,22 € 2: 8, (B) B5 (B) =0 (6) 
Two block sections are connected if they intersect at finitely many track points: 
VB,CEB: B=C: <= 0«|BnC|«oo (7) 
We say: A train z € Z is in block section B (according to timetable F) in the time 
interval [t4, ta] C [ts; tg], if: 
VBz([ta; tal) CB (8) 
We also say: A train z € Z travels over block section B (according to timetable F) in 
the time interval |ta, ta] C fts, tg], if z is in B in the time interval [t,, ta] and: 
Ve > 0 it is (8(z,t, — e), B(z,ta--e)) n B- 0 (9) 


Here, £4 is the arrival time and tg is the departure time. A train z € Z travels from B 
to C with B,C c B if: 
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B=B,=B,=::-=B,=C,B;¢B (10) 


and 


Altar, tal, CIS [tans tan] = lts, te] Ve = Loe om 1s p(z, ta,) = PS taii) (11) 
and z travels over B; in the time interval [ta,, ta;]- 

A timetable F is an extension of F : &> 

Tc Ê, flr =8,Nc Ñ (12) 


Here, we understand N C N as follows: 


Zn C Zy as sets, Sy C Sx as topological spaces (13) 


The above definitions may seem too general, but one should keep in mind the following 
image as inspiration, and the definitions can still be changed or are chosen in a way to 
generate mathematical examples that can be investigated for algorithmic questions: 


ae dreh adnie md am Puro 
gh te Ate Wunde: 


A mathematical example is given by the following image: 
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We imagine that the above image corresponds to the track space of a railway network, 
which has not yet been divided into block sections and has no trains and timetable: 


After some further consideration, the track space $ should have the following proper- 
ties: 
It consists of a finite family of curves in R? that satisfy the following conditions: 
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e The families intersect at a finite set of nodes. 
e Each node can be either a ’switch’ or a ’crossing.’ 


e At each ’switch,’ three curves touch with the same tangent, with two curves ente- 
ring from one direction and one from the other. 


e At each ‘crossing,’ two curves intersect or one curve intersects itself. (At each 
crossing, there are exactly two non-parallel tangents that intersect.) 


e Away from the finite set of nodes, the curves are smooth and do not touch or 
intersect each other. 


I have added an image to describe this geometric construction more precisely. C1, C5, 
and C3 are crossings, and Sı and Sə are switches. 


Next, we consider decompositions of the track space consisting of three types of block 
sections (switch, crossing, straight): 
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Example: 
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We can parameterize the function £; by arc length if we assume that for all z € Z and 
vt c T: 


VzeZNvteT:6/(t)z0 (14) 
Let a,(t) be the arc length of train z at time t. Then: 


t 
ost) = | Bdr (15) 

ts 
Since we have assumed in Equation (18) that 64(7) 4 0, a(t) is strictly monotonically 


increasing. Thus, it has an inverse function (or we can solve for t given o), and we can 
write: 
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Bz(a) = Bz(tz(a)), fora > 0 (16) 


3 Definition of the Track Space S 


Bemerkung 3.1. In the railway network, there are, among other things, simple swit- 
ches, double switches, crossings, and straight or curved track sections. We want to att- 
empt a mathematical formulation of a railway network, called track space, which includes 
simple switches, double switches, and crossings. Afterwards, we aim to divide this track 
space into block sections of types: G (straight/curved), Wi, (double switches), Wai (sim- 
ple switches), K (crossings). In each block section, only one train is allowed during a 
specific time period, following Oskar Happel’s (1959) theory of time-locking staircases. 
In the next image, an example of a track space divided into block sections is shown. 


Beispiel eines Streckenraums S unterteilt in Blockabschnitte: 


We want to define an associated graph for each track space: 


zugehöriger ungerichteter zusammenhangender planarer Graph: 


Jeder Knoten hat 1,2,3 oder 4 
Nachbarn 


1 oder 2: G (Geradeaus / Gebogen) 
3: W_12 (einfache Weiche) 
4: W_11 oder K ( doppelte Weiche oder Kreuzung) 


The track space S is defined by: 
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S =UL,ri((0, 1) 


(17) 


where the differentiable paths r; : [0,1] + R?,i = 1,--- ,c are subject to the following 


properties (Eqs. [18] 24): 


The paths are simple, i.e., they do not intersect each other: 


rt) F rilt2)Vi =1,--- ,cVt, Æ te, t1, te € (0, 1) 
(However, a path r; can be closed, i.e., r;(0) = r;(1).) 
Different paths intersect at most at one point: 
vi#35:|r([0,1]))Nr;([0,1])| <1 
There exists a finite set P C S, such that: 


P = K U Wii UW, 
|P| = |K| + |Wıı| + |Wi2| < ©, (as shown below) 
KAW =KNWıa = Wi N Wi =d (as shown below) 


where the definition of K, W11, Wis is given by: 


K = {p € S315) 0 < ti to <1: ri(ti) = rj(t2) = p, ri(t) A v;(t2)) 


Wu = {p € S|BHi, j}, 0 < ti,t2 < 1: ri(tı) = rj(t2) = p, r;(t1) = 1; (te)} 


Wiz — {p € S|31, j, k}, 
3(t, te, t3) € {(0,0, 1), (0, 1,0), (1,0,0)} : 
ri(t1) = rj(2) = re(ts) = p, r;(t1) = 1; (te) = 1, (ta)} 


(19) 


(20) 


(21) 


(22) 


(23) 


Furthermore, at the finitely many points of P, at least two but at most three paths 


should intersect: 


VpcP: 
22 EIS IS 6L €|ll]s5-»]€3 


Outside of P, there are no further intersections: 
WAG: 
If q := ri(t1) = rj(t2) for t1, t2 € (0,1), 
then it follows that q c P 


However, the case r;(1) = r;(0) cannot occur in S but not in P. 


(24) 


(25) 
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Proposition 3.2. Let U := p € Slat Æ j : ri(tı) = r;(t2) for tı,t2 € [0,1]}. Then, 
P CU and0 € |P| < |U| < 2 < oo. 


Proof. Let p € P. 

If pe K, there exist i Æ j : ri(t1) = rj(ta) for tı, t2 € [0,1], sop c U. 

If p € Wi, there exist i Æ j : ri(t1) = rj(t2) for t1,t2 € [0,1], sop c U. 

If p € Wi», there exist i, j, k : ri(t1) = rj(t2) = rx (ta) for t1, t2, t3 € {(0, 0, 1), (0, 1, 0), (1,0, 0)}, 
so p € U. Overall, p € U, and hence, P C U. 

According to equation [19] two paths intersect at most at one point, and since there 
are c « oo paths, and each path can intersect with the other paths at most once, the 
number of intersection points is at most em n 4) , thus |U| € a D c oo. 

'Thus, we have 


c(c — 1) 


OP < |U| < —— < œ. 


Bemerkung 3.3. Therefore, the finite points in P can be classified into the following 
categories: 

p € K is a "crossing point’: There are exactly two different paths ri,r; and 0 < ti, t2 < 
1 with r;(tı) = rj(t2) = Dp, ri{t) z r; (t2). 

p € Wi is a "double switch point’: There are exactly two different paths r;,r; and 
0 « ti, t2 < 1 with Ft = r;(t2) = p, r (t1) = r;(t2). 

p € Wis is a ’single switch point’: There are exactly three pairwise different paths 
Ti, Tj, Tk and (11,195,132) € ((0,0, 1), (0,1,0), (1,0,0)} with ri(11) = r;(t2) = r&(03) = p, 
ri(ti) = ri (te) = ry (ts)- 

Proposition 3.4. With the above definitions of IK,W11, Wis, it holds that K N Wıı = 
K n Wis = WııNn Wio =9 


Proof. Assume p € KNWıı. Then there exist i # j and ty, t2 with ri(tı) = r; (t2) 
since p € Wii, but also r;(t) # r (ta) since p € K, which is a contradiction. Thus, 
KAW, =®. 

Assume p € K Wi». Then there exist i # j and 0 < ty, t2 < 1 with p = ri(t1) = rj(t2) 
and r;(tı) # rj(t2) since p € K. Furthermore, there exist pairwise different a,b,c and 
(ta, to, te) € ((0,0,1), (0, 1,0), (1,0,0)] with p = falta) = ra(ts) = relte) and ri(t,) = 
r (te) = ri(t-). According to equation the set fi,j,a,b,c} contains two or three 
elements. As a,b,c are pairwise different, this set must contain three elements, i.e., 
fi,j,a,b,c} = {a,b,c}. Without loss of generality, assume i = a and j = b. Then 
Talta) = p = riltı) = ra4(t1), and t, € {0,1},0 < tı < 1, which implies ta Z tı. 
This leaves the following possibilities according to equation (ta,tı) = (0, 1), which 
contradicts tı < 1, or (ta,tı) = (1,0), which contradicts tı > 0. Hence, our assumption 
K N Wi» Æ Ú cannot hold, and it must be K N Wis = Í. 

The case Wıı N Wis = 0) is proven analogously: 

Assume p € Wi, N Wis. Then there exist i Z j and 0 < tj, tg < 1 with p = ri(t1i) = 
rj(t2) and ri(tı) = r;(t2) since p € K. Furthermore, there exist pairwise different a,b, c 
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and (ta, tb, te) € {(0, 0,1), (0, 1,0), (1,0,0)} with p = r,(£a) = Tel) = relte) and r! (ta) = 
rito) = ré(t-). According to equation the set fi,j,a,b,c} contains two or three 
elements. As a,b,c are pairwise different, this set must contain three elements, i.e., 
fi,j,a,b,c} = {a,b,c}. Without loss of generality, assume i = a and j = b. Then 
Talta) = p = Th) ral), and ta € (0,150 < tı < 1, which implies ta Æ tı. 
This leaves the following possibilities according to equation (ta t1) = (0,1), which 
contradicts t4 < 1, or (ta, t1) = (1,0), which contradicts tı > 0. Hence, our assumption 
Wıı N Wis Æ Ý cannot hold, and it must be W11 N Wao = 0. 


Proposition 3.5. At every crossing point p € K and at every point of a double switch 
p € Wi, there exist i Z j,1 < i,j € c and closed sets Kij G; G}, G7, G} of S such 
that: 


ri([0, 1) Ur;([0, 1]) = Ki; UG; UGS UG; UG} (26) 

and it is 
|KynG|=1 for Ge {G, ,Gt,G,, G1) (27) 
IGN H| =0 for G #H,G,H € {G;, G}, G7, G7} (28) 


Proof. 
First, we prove the case for a crossing point: Since p € K, there exist t1,t2,0 < 
t1,t2 < 1 and i Æ j such that r;(tı) = p = r;(t2). Set G; :— {ri(t)|0 < t < 4}, G}; = 
{rj(t)|0 x t€ 8}, GF = {n@l +448 <t <1}, Gf = (rg(t))to- 58 <t< 1), and 
Kij = rat) a <t<tı+ 1A uU{r;(t)|2 «txt.» za}, Then, G; n Ki — {r,(4)}, 
G; N Kij = {r;(2)}, Gt N Kij = tri(ta + yh, Gj N Kij = irj(to + 1-2). and 
ri([0, 1) U r;([0,1]) = Ki; U G7 UG? U G; U Gj , which shows equations |26| and 
For equation we observe that r; and rj already intersect at p, so G N H = Q for 
G z H,G,H € {G7 G}, G7, G} }; otherwise, there would be another point q as an 
intersection of r; and rj, which is not possible according to equation [19] 


10 
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In the case of a double switch p € W11, there exist t1,t2,0 < t1,t2 < 1 and i Æ j such 
that r;(tı) = p = rj(t2), and we proceed analogously as in a crossing point. 


Proposition 3.6. At every point of a single switch p € Wis, there exist 1,j,k,1 < 
i,j,k € c pairwise different and closed sets B, Bi, Bj, By of S, such that: 


ri([0, 1]) U r;([0, 1]) Ur, ([0, 1]) = B U B; U B; U Bk (29) 
and it is 
[X OY) =0 for X, Y € 1B, Bj, Bk} (30) 
and 
[BO X| 21 for X € (Bi, Bj, Bx) (31) 
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Proof. 

Since p € Wi», there exist three pairwise different paths r;,r;,r, and (tı,ta,t3) 
{(0,0,1), (0, 1,0), (1,0,0)} such that r;(tı) = r;(t2) = Ty (t3) = p, r!(tı) = r;(t2) 
rı (t3). Without loss of generality, assume (t1, t2,t3) = (1,0,0). We set B; :— (ri(t)|0 € 
t< $}, Bj := {r;(t)|1/2 < t < 1}, Bk rel < t < 1}, and B := {r;(t)|1/2 < t < 
1} U {r;(t)|0 € t € 1/2} U {r.(t)|O < t < 1/2}, and equation [29] follows. Equation 
follows because r;, rj, rg already intersect at p and since two different paths intersect at 
most at one point according to equation[19] we have |XNY| = 0 for X, Y € (Bi, Bj, By}, 
and equation [30] is shown. It holds that B N B, = {r,(1/2)} for x € {i,j,k}. 


l| m 


Proposition 3.7. It is S = U}_, By for a natural number b, and B := (Bi,--- , Bo}. 
The sets By are closed, non-empty, path-connected, and it holds 


[Bi B;| € {0,1} 


Proof. TODO 


Definition 3.1. The associated undirected graph G's :— (B, E) is defined by: 


Bj = Bj : == |B: N Bj| 21 (32) 
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We divide the block sections into "Straight! and ’Bridges’: 


G :={BeEB|BN P=} =: Straight’ (33) 


G° := B — G = {B € B|B NA P £z 0) =: "Bridges (34) 


The bridges G* are only those block sections of type simple switch, double switch, and 
crossing, while in G, the block sections are of type straight. 
Let 


NB := UBxB,,B#B,Bj = BN Be=Bn(S-B) (35) 


be the set of ‘direction points of B". Then, |Np| < oo and deg(B) = |Np|, where 
deg is the degree of B in Gg. For each B € B, there exists a "direction function’ pp : 
Ng — P(Np), which describes the possible direction points pp(x) that are a subset of 
Ne when a train enters the block section B at a direction point x in Ng. This function is 
determined / computed based on the paths r; and the block section type (G, Wi11, Wis, K). 
Using this function, one can represent how a train can move at a simple / double switch 
or crossing. 


A bridge D € G^ ‘leads from B to C’ (with B,C € G) : e— 


IBNC|=0 and |Bn D| 21 and|DNC|=1 


36 
and (Nc N Np) C ps(Npg n Np) ui 


(Each block section / node B in Gg has a "weight u(B)’ which corresponds to the sum 
of the arc lengths of the respective r;’s. Each edge {B,C} has a "weight u((B,C]) := 
WB) + (C) .) : 

Let Hg = (G, Eg), where the edges are defined as: 


B > D : 4> 
Either B and D are connected in Gg (37) 
or they are not connected in Gg 


and there is a bridge C € G^, leading from B to D. 


In principle, this directed graph Hg is created by removing the bridges from G* and 
considering the direction function. 


Examples for the last definition: 
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Beispiel eines Streckenraums S unterteilt in Blockabschnitte: 


p 


N 


We want to define an associated graph for each track space: 


zugehöriger ungerichteter zusammenhängender planarer Graph: 


Jeder Knoten hat 1,2,3 oder 4 
Nachbarn 


1 oder 2: G (Geradeaus / Gebogen) 
3: W_12 (einfache Weiche) 
4: W_11 oder K ( doppelte Weiche oder Kreuzung) 


Further examples: 
Let r(t) := 1 - exp(1-27V-1t) + 2 - exp(3-2rV-1t),0 < t € 1. We decompose r(t) 
into ’smaller paths’ and then into block sections: 
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The directed graph is given by: 
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TN 
M 


Here, it can be observed that in principle, there can be no branching during the passage 
of the track space, as a train at crossings can only go straight ahead without diverging. 
'This graph reflects that the track space has been defined by a closed path. Therefore, 
the graph is cyclic. 


Definition 3.2. The perspective plane P, of the train z € Z is R?. For each train z, 
there are mappings: 


ee q' erde 
tg 
and 


& : [0,0 ;] > Pz,a@ + (a,t.(a)) 


where ap. :— he 8 (r)|dr is the total length of the track that train z travels during 
the time period T = |ts, tg] and t;(o) indicates the time point if the arc length a of train 
z is given. Furthermore, T = [ts,tg] is the time interval of the given timetable. Here, 
we identify the track section {8,(t) € S|ts < t < tg) that the train z travels on S with 
the beginning of the x-axis of R? starting at the origin and extending to the right. 

The worldline L, of the train z € Z is defined as Lz := ((o,t;(a)) € P.|0 = as < 
a < arz} — &;(T). The x-coordinate of a point on the worldline L, represents the arc 
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length of train z, and the y-coordinate represents the time at which the train has traveled 
the arc length. 


Bemerkung 3.8. The perspective plane P, of train z represents the plane containing 
the worldline L;, and other worldlines of other trains could be drawn in this plane. In 
manual timetable planning, this perspective is used to schedule trains collision-free. It is 
important to note that the definition of P; and L, depends on the path that train z travels 
on the track space S using Bz. In other words, two trains that have disjoint paths will also 
have disjoint perspective planes. Only for trains that share a common path. (partially), 
the rectangles of their respective perspective planes can intersect, and one worldline may 
appear/partially appear in the perspective of the other train. 


Definition 3.3. For each straight block section B € G, the perspective of B is defined 
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as: 

Pp := Ug, eryapz96s (87 (B)) 
( With this definition, we aim to describe parts of the worldlines of all trains that can 
be observed from the perspective of an individual straight block section. The idea is to 
combine the perspectives of several straight block sections that form a path in the graph 
Hs to consider the worldlines of all trains that travel on this path in the graph Hg.) 


5 10 15 20 


Proposition 3.9. For each straight block section B € G and two distinct trains z1 £ zo, 
it holds: 


âz (8, (B)) n às (ba (B)) = 0 
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(In other words: The worldlines of different trains at a straight block section do not 
intersect. ) 


Proof. Assume there exists a point (az, (t1), t1) = (&z (t2), t2) in the intersection. Then, 
we have t := tı = t2, and it follows that t = t2 = tı € 85! (B) and t = tı = te € 87, (B). 
Thus, 87! (B) n 85, (B) contains the time point t, which contradicts the assumption 
B;,'(B) N 87! (B) = (Eq.[5) in a timetable. 


4 Quadratic Optimization on a Perspective Plane 


In this section, we want to define a density for a vector and examine when this density is 
minimized. Based on this, we want to extend this density to functions that correspond 
to the worldlines of trains and attempt to describe an algorithm that shifts an existing 
worldline of a train in a given perspective plane so that the density becomes as small as 
possible. 


Definition 4.1. For a vector x = (xi,::: , 25), we define the density ö(x) as: 


n—1 
5(a) = 4| S |z: — meal? (38) 
i=1 


Proposition 4.1. For all x = (x1,::: ,z4): The density is minimized if: 


eia mi = for alli 1, ,n—1 (39) 


In this case, it holds: 
[En — &ıl 


6(x) = (40) 
n—i 
while for any x: 
ó(x) > len = zıl (41) 
n—1 
Proof. Assume zj,1 — 2; = F for all à = 1,--- ,n — 1. Then we have: 
n—1 n—i 


ó(x) 


Il 
R 
| 
8 
+ 
— 
Um 
Il 
M: 
pon 
3/3 
ME 
=| 3X 
K 
N 


Now, for an arbitrary x, set aj :— £i+1 — Tibi := 1 for i = 1,---,n — 1, and a = 
(a1, * ,@n—1), b = (b1, +- ,bn-1). By Cauchy-Schwarz, we have: 


(a, b)? < (a,a) - (b,b) 
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€ (aja, QI b7) > (abi ++ aniba)? 


<=> ((zi — z2)? + (£2 — z3)? ++ (En-1 — n) ) (n7 1) > 
((£1 — £2) -1 + (£2 — z3)- 1 +--+ (24 1 — tn) + 1)? Eee 

Hence: 
(z1 — 22)” + (02 — 23)” +--+ (n-1- 24) > ( 


or equivalently: 


d(x) = VIC — 13)? +. + (aca. — Zn)? > 


Definition 4.2. Let f = (fi,---,fn) be a vector of functions that are quadratically 
integrable over |xı,x2]. Define the ’density of’ f as: 


n—1 
(f) :— [Encre (42) 
i=1 
where |g| := 4/ f° g(x)?dax is the Lo([x1,22]) norm. 
Proposition 4.2. For all f = (fi,--- , fn): (Conjecture) The density of f is minimized 
if: 
faic fio BR forali=1, = ,n-1 (43) 
n — 


(Conjecture) In this case, it holds: 


= (44) 
while for any f: rese 
sys AA (45) 


Proof. We prove 45] For zı € x € aa, let f(x) := (fi(x),--- , fn(z)). Then, according to 
we have: 


n—1 


= : : | fn(x) = fila)? 
Sa? = E desto) - (0) )-5 
Thus, we have (x): 
a) > A 


. Integrating over x, we obtain: 
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4 Quadratic Optimization on a Perspective Plane 


n-1 n—i x2 
8? = Y a KP Y / Gaal) — Fia))?dr >) 
i=1 q=] ¥ 71 


CENE = 2 
n—1 gel fn = fil 


feet = 


1 


Thus, we have: 


Bemerkung 4.3. Suppose we consider two trains whose worldlines are given by the 
functions g > f in a perspective plane and we want to shift the worldline of a third train 
p with a linear transformation m - p(x) +n such that this worldline "fits well between 
f<m-p+n<g’and "does not waste too much space’. Multiplying p by m corresponds 
to changing the speed of the train, while adding n to mp corresponds to shifting departure 
or arrival times. To simulate the lock stair times, we choose a positive number 6. 


ML —T 


aq 


TES — 


A 
4^5 


One possible task could be: Choose m,n such that the square of the hatched area |(g — 
ô) — (mp +n --6)|? is minimized, subject to the constraints: 


4 Quadratic Optimization on a Perspective Plane 


ô >0,Vx E |z1, £2], g(x) - ô > mp(z) +n +6 


Proposition 4.4. The task: Choose m,n such that the square of the hatched area |(g — 
ô) — (mp +n + 6)|? is minimized, subject to the constraints: 


ô >0,Vx E [21,22], g(x) - ó > mp(z) +n +6 
leads to a quadratic optimization problem. 


Proof. It is 


x2 


(o - 9) - (mp +n — [ (ala) - mpa) - n - 26)%ae = m 
= am? + 2bm + 2emn + 2dn + en? + f 
where 
e a= E p(z)?da 
e b= fi? 26p(x) — g(x)p(a)dx 
e c= "A p(x)dx 
e d = [?? 46 — 2g(a)de 
ec—rj-—m 
e f = 2? g(x)? — 46g(x) + 46? da 


Constraints: 
Va € [1,22] : g(x) —6 > mp(z) +n +6 


Idea: Divide the interval [x1, r2] into r parts: 


ĉi < ĉa <- < Êr : ĉi E [£1, £2] 


Constraints : (47) 


e g(ĉ1)— 6 > mp(21) +n +6 


e g(ĉ1)— ó > mp(21) +n +6 


e g(ĉr—1)— 6 > mp($, 1) - n4 Ó 


e gêr) — 6 > mp(&) n 8 
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5 TODOs / Ideas 


Leth = (g(21)—6; 2 ‚g(8r)-6)7, G= (Cp, 1), Me (plêr, 1)”, Q = (2a, 2c), (2c, 2e))*, 
v = (2b, 2d)T, w = (m,n)T. 
Then, minimizing [46] subject to the constraints [47] is equivalent to: 


min 1/2w^ Qw + wTv 
w 


Gw<h 


(48) 


and that is a quadratic optimization problem. 


5 TODOs / Ideas 
Idea: 
e Use path integrals in the last proposition. 
e Analogy to physics: No two trains on the same block section at the same time 
— 
Pauli exclusion principle: No two particles at the same location at the same time. 


e This analogy may seem far-fetched, but path integrals are also used in physics 
(Feynman integral). 


Desired properties of the track space S, the set of block sections B, direction points 
N;, and bridges G*: 


e S =U} B, B = (Bis , Bo} 


|BiN B;| € {0,1} for i # j 

e S is closed and should be path-connected. 

e Vi: Bi is closed, path-connected, and non-empty. 

e Definition of the undirected graph Gs: B; zz Bj; : 4> |BinB;|=1 


e Definition of direction points: N; := BiN (S — Bj) and in the graph Gs: deg(B;) = 
IN;| € {1, 2, 3, 4} 


e Definition of block sections of type Straight: G := (B € B| deg(B) = |Ng| € 2} 


e Definition of block sections of type Bridge: G^ :- B — G = (B € B|deg(B) = 
INa| € {3,4}} 


e VB € G: di > 0 and there exists a homeomorphism dg : B [0,1] 


e Existence of a direction function: VB € B : Jpg : Ng > P(Ng) 
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5 TODOs / Ideas 


It is interesting that the automorphism group of the graph, which is generated by 


[(5, 9)(6, 8) (11, 12), (2, 4)(5, 11)(9, 12), (1,3), (10, 1)(2, 8)(3, 7)(4, 6)(9, 11)] 


has order 32 and is non-abelian SmallGroup(32,27), as can be computed with SAGE- 
MATH: 


# 
G=:Grapki 11:[2,4] ‚2:13,11 ,12],; 

3:[2 ,4] ,4:[1,3] ,5:[4,6], 
6:[11,7 ,10 ,5],7:[6 ,8]; 
8:[9,10,12] ,9:[4,8] ,10:[6,8], 
11:[2,6] ,12:[2,8]]) 

plot (G).show() 

GG = G. automorphism_group () 

print (list (GG. gens ())) 

print (GG. id ()) 


e Define on the set of trains Z in the schedule F a quasi-order: 
Z| SE 22: € Ba (T) C B, (T) 


e This could potentially be used to draw the world lines of all trains y € x in the 
perspective plane Py. 


e A quasi-order defines a finite topology on the set of all trains, where for example, 
open sets are defined as: O; := (y € Z|y € z}. Continuous functions f are then 
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5 TODOs / Ideas 


precisely the monotonic functions: f is continuous / monotonic = > Vz,y € Z: 
z <y => f(x) < fly). 


Subdivision of $ into disjoint block sections of types: Straight, Intersection, Simple 
Switch, Double Switch. [x] 


Prove that this subdivision covers the whole S and is pairwise disjoint ("modulo a 
finite number of intersection points’.) 


Define graphs based on the subdivision. [x] 


Explore: 2D splines / Euler spirals / Clothoids / Spiro-Curve by Ralph Levin 
Python module. 


Cost estimation for the block sections based on the weights of the graph and the 
method of Burton and consider how to incorporate it here. 
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